Abstract. In their fundamental work on the homotopy of mod-p r Moore spaces, Cohen, Moore, and Neisendorfer posed several conjectures which describe potentially deep connections between Moore spaces, spheres, and the EHP sequence. Subsequent research in the area has been driven by these conjectures. Some progress has been made towards solving them, but much remains outstanding. In this paper we examine these conjectures with the intent of proving implications and equivalences among them. We then present filtered versions of them, and prove their validity in low filtration.
Introduction
In [CMN1, CMN2, CMN3] is atomic and R is a wedge of mod-p r Moore spaces. Removing the common factor of ΩR left a homotopy fibration sequence of H-spaces and H-maps
They further showed that F 2n+1 S 2n−1 ×V for some space V . This led to the following remarkable result. Let φ r be the composite
Let E 2 : S 2n−1 −→ Ω 2 S 2n+1 be the double suspension. Then E 2 • φ r is homotopic to the p r -power map on Ω 2 S 2n+1 . Critically important is the r = 1 case, which Cohen, Moore, and Neisendorfer used to prove that the homotopy exponent of S 2n+1 is p n .
Their results suggested the possibility of other deep connections between Moore spaces, spheres, and the EHP sequence. Let D 2n+1 (p r ) be the homotopy fiber of φ r . They considered the homotopy pullback
and asked the following questions:
(i) Can the fibration sequence for φ r be extended to the right:
This was positively answered by Anick [A] with subsequent improvements by Anick and Gray [AG] and Theriault [T1] . In particular, D 2n+1 (p r ) ΩA 2n+1 (p r ). (Cohen, Moore, and Neisendorfer's results have been reformulated in [N1] so that they also hold at the prime 3. The existence of the space A 2n+1 (p r ) and the associated homotopy fibration is only known for primes p ≥ 5, and this is the reason why we will restrict to primes p ≥ 5 throughout this paper.)
(ii) Is D 2np+1 (p) a classifying space for the fiber W n of the double suspension? Given the results in (i), this question becomes whether W n has a double classifying space: is W n Ω 2 A 2np+1 (p) ? The only case where this is known to be true is n = 1 and follows from the work of Selick [S1] . In what follows we focus strictly on the r = 1 case, which is of most interest. The map φ 1 will from now on be denoted simply by φ.
The possibility in (ii) that W n Ω 2 A 2np+1 (p) provides a link between the homotopy of Moore spaces and the EHP sequence. Using a different approach from that of Cohen, Moore, and Neisendorfer, Gray [G] showed that W n does have a classifying space BW n which fits into the EHP sequence. Let H : ΩS 2n+1 −→ ΩS 2np+1 be the p th James-Hopf invariant. Gray showed there are homotopy fibrations It is the purpose of this paper to examine the relationships between all these questions and to verify some of them when restricted to certain subspaces of Ω 2 S 2n+1 and ΩA 2n+1 (p). Rephrasing a bit and reorganizing, we consider:
Conjectures:
(1) the Cohen, Moore, Neisendorfer connecting map
, where i is the inclusion of the bottom cell.
(2) the composite
there is a homotopy equivalence e : BW n −→ ΩA 2np+1 (p) which is a lift
has a right homotopy inverse (and consequently
Remark 1.1. The n = 1 case of Conjecture 5 is special as then ΩT 3 (p) and ΩA 3 (p) are not pathconnected. In that case, the appropriate modification is to take universal covers. Cohen, Moore, and
So the universal cover of ΩT
On the other hand, the universal cover of ΩA 3 (p) is easily identified as Ω 2 S 3 3 , where S 3 3 is the three-connected cover of S 3 . But Ω 2 S 3 3 is homotopy equivalent to ΩA 2p+1 (p) [S3] . So the n = 1 case of Conjecture 5 reduces to the n = p case.
Conjecture (2) has not been mentioned before, but deserves inclusion in the list as it provides a link with stable homotopy theory. If the statement is true then we can compose the lift Ω 2 S 2n+1 −→ ΩT 2np+1 (p) with the (looped) inclusion ΩT 2np+1 (p) −→ Ω 2 P 2np+1 (p) and adjoint to obtain a map (2) is equivalent to the combination of (3) and the 2np-version of (5).
Possibly, the five conjectures are equivalent. We argue in Section 7 that the condition in Theorem 1.3 (a) which would show that (4) implies the loops on (1) is plausible. On the other hand, the additional multiplicative condition, and the multiplicative condition in Theorem 1.3 (b), seem too strong to actually realize. This suggests the five conjectures are arranged into levels of difficulty, with (1) being the most difficult, (2) in the middle, and (3), (4) and (5) the weakest. It is unclear whether the weaker statements are any more approachable than the stronger ones.
We close the paper by considering certain "homological" filtrations of Ω 2 S 2n+1 and ΩA 2n+1 (p) and verifying the conjectures in low filtration. Descriptions of results are best left until they arise in Section 8.
This paper is organized as follows. In Section 2 we gather the relevant background information.
In Section 3 we compare (1) and (5), proving Theorems 1.2 (b) and 1.3 (b) . Section 4 proves the implication (1) ⇒ (2). In Section 5 we jump forward to prove the equivalence (3) ⇔ (4), and in Section 6 we return to prove (2) ⇒ (3) and Theorem 1.2 (c). Section 7 proves Theorem 1.3 (a).
In Section 8 we filter Ω 2 S 2n+1 and ΩA 2n+1 (p), and check the validity of the conjectures in low filtration.
Background information
In this section we simply assemble two lists for easy referencing. 
where the rows consist of H-maps between H-spaces,
The next list concerns BW n . Parts (a) through (c) were proved in [G] , and part (d) was proved in [T2] . Let ΩS 
is homotopic to the p th -power map.
3. Comparing (1) and (5) We begin by proving the two statements in Theorem 1.2 (b).
Proposition 3.1. Conjecture (1) implies Conjecture (5).
Proof. As in Remark 1.1, when n = 1 we need to take universal covers, which reduces the problem to the n = 5 case. So we may assume n > 1. The factorization in Conjecture (1) results in a homotopy pullback
which defines the space M and the map g. The homotopy commutativity of the upper left square shows that g is degree one in H 2n−1 ( ). The Bockstein connecting the bottom two cells in both Proof. By Theorem 2.1 (a), the map
The existence of a right homotopy inverse for Ωt then implies there is a homotopy pullback diagram
for some map γ. The left square then proves the assertion.
Next, we prove the stronger implication in Theorem 1.3 (b) that Conjecture (5) implies Conjecture (1) provided that an additional multiplicative condition holds. This requires two preparatory
Lemmas.
In general, suppose there is a homotopy fibration sequence ΩΣA −→ X −→ Y −→ ΣA. There is a homotopy action ψ : ΩΣA × X −→ X. Let ψ be the restriction defined by the composite
In [G] , Gray proves the following.
Lemma 3.3. There is a homotopy pushout
where π 2 is the projection.
Example 3.4. Consider the homotopy fibration sequence ΩS
Since this homotopy fibration is induced by the inclusion
cell, the homotopy action ψ :
, where µ is the loop space mul-
Lemma 3.3 then gives a homotopy pushout
Lemma 3.5. The inclusion of the bottom cell S
where the left map is the inclusion of the bottom Moore space. Looping, we can consider the
We obtain a homotopy pullback
which defines the space E 2n+1 and the map g. By [CMN2] , E 2n+1 is (2np − 3)-connected, and so g is a homotopy equivalence through dimension 2np − 3. Since
But g • i is degree one in homology and so is homotopic to the double suspension E 2 , which is an 
where µ is the loop space multiplication. Then Conjecture (1) holds.
Proof. Define a space X and maps a, b, and c by the homotopy pullback
By Lemma 3.5 and Theorem 2.1 (a) respectively, i and ∂ are H-maps, so this is a homotopy pullback of H-spaces and H-maps. Since F 2n+1 S 2n−1 × V , the homotopy fiber of i is homotopy equivalent to ΩV , which is (2np − 4)-connected. Thus c is a homotopy equivalence in dimensions less than 2np − 4. In particular, X is (2n − 2)-connected and c is degree one in H 2n−1 ( ). The homotopy commutativity of the left square then shows that a is also degree one in H 2n−1 ( ).
The hypothesized diagram, the definition of µ, and the H-map a combine to give a homotopy commutative diagram
where m is the multiplication on X. The connectivity of X implies the upper direction around the diagram is homotopic to the composite
x xX Both a and g are degree one in H 2n−1 ( ) so d is as well. Thus the composite
is a right homotopy inverse of c. The proof will be complete once we show that the composite
Remark 3.7. The homotopy commutative diagram in Proposition 3.6 would hold, for example, if g could be chosen to be an H-map. But this is far more than is required. The multiplicativity condition in the diagram is very mild by comparison.
(1) implies (2)
We begin by considering James-Hopf invariants. In general, there is a p th James-Hopf invariant
which is natural for maps f : X −→ Y . In our case, consider the pinch map
We obtain a homotopy commutative diagram
The smash of two mod-p Moore spaces is homotopy equivalent to a wedge: 
Then the right square below homotopy commutes, which has been extended to a homotopy fibration
for some map θ of homotopy fibers.
Proposition 4.1. Conjecture (1) implies Conjecture (2).
Proof. Consider the left square in the homotopy fibration diagram above. Conjecture (1) says that
• ΩH is null homotopic, which is the statement of Conjecture (2).
(3) is equivalent to (4)
We begin with two preliminary lemmas.
Lemma 5.1. Suppose X is an H-space and there is an H-map ϕ : X −→ ΩS 2np+1 . Then ΩH lifts through Ωϕ:
if and only if ν lifts through Ωϕ:
Proof. By Theorem 2.2 (b), ΩH factors as a composite Ω
Thus the existence of a lift of ν immediately implies the existence of a lift of ΩH. Conversely, by Theorem 2.2 (c), Σ 2 j has a right homotopy inverse t :
. Now suppose ΩH lifts through Ωϕ. Then after suspending twice and precomposing with t, we obtain a homotopy commutative diagram
In general, if Y is an H-space then there is a map Ω 2 Σ 2 ΩY −→ ΩY which is a left homotopy inverse of the double suspension ΩY 
The left square is obtained by taking the double adjoint of the lift for Σ 2 ν in the previous paragraph.
Observe that the bottom row is homotopic to the identity map on Ω 2 S 2np+1 . The top row is therefore the desired lift of ν through Ωϕ.
Lemma 5.2. Suppose there is a map e :
Then e is a homotopy equivalence.
Proof. The proof is a cohomological adaptation of the homological proof that Ω 2 S 2n+1 is atomic in [CM] . The conclusion will be seen to be a consequence of the atomicity of the mod-p cohomology ring, regarded as a module over the Steenrod algebra. The cohomology rings of BW n and ΩA 2np+1 (p)
can be calculated from the homotopy fibrations
In each case we obtain the graded commutative ring R generated by elements
The hypotheses on e say that e * is an endomorphism f :
in this way we see that f is an isomorphism on generators, and hence is a ring isomorphism.
Proposition 5.3. Conjecture (3) is equivalent to Conjecture (4).
Proof. Assume Conjecture (3) holds. Then
through Ωπ, which is Conjecture (4).
Conversely, assuming Conjecture (4) holds, the reverse implication in Lemma 5.1 shows that ν lifts through Ωπ to a map e : BW n −→ ΩA 2np+1 (p). Since ν is degree one in H 2np−1 ( ), so is e. As a Bockstein connects the 2np − 2 and 2np − 1 generators in both H * (BW n ) and H * (ΩA 2np+1 (p)), e is degree one in H 2np−2 ( ). Lemma 5.2 then implies that e is a homotopy equivalence.
(2) is equivalent to (3) plus the 2np-version of (5)
Proposition 6.1. Conjecture (2) is equivalent to the combination of Conjecture (3) and the 2np-
version of Conjecture (5).
Proof. We use the homotopy fibration ΩT 2np+1 (p) 
homotopy equivalence, proving the 2np-version of Conjecture (5).
Conversely, assume Conjecture (4) and the 2np-version of Conjecture (5) hold. Consider the
By Proposition 5.3, Conjecture (4) is equivalent to Conjecture (3), which is the left triangle above.
The 2np-version of Conjecture (5) gives a lift of ν through Ωπ, which by Lemma 5.1 is equivalent to having a lift of ΩH through Ωπ.
But this is exactly the statement of Conjecture (2).
A condition for (4) implying the loops on (1)
This section gives an argument that (4) implies the loops on (1), given a certain plausible condition. Some complications are involved, and to describe them we need some notation. The spaces S 2n+1 {p} and S 2n+1 {p 2 } are related by a homotopy pullback
which defines the maps ω and ρ. For i = 1, 2, let
Consider again the homotopy fibration diagram
. The homology calculations in [CMN1, CMN3] show that θ * equals the product map ( 2 ) * . But it is not necessarily the case that the two homotopy equivalences can be chosen so that θ corresponds to 2 .
To explain why, we summarize part of the content of [CMN1] . Let ν : P 2n+1 (p) −→ P 2n+1 (p) and
be the identity and Bockstein maps respectively. Let ad 0 (ν)(µ) = µ and
k is shown to have its Bockstein divisible by p, so it extends to a map P
trivially with the pinch map to S 2n+1 and so lifts through the fiber Any choice of extension has the property that its adjoint P
is injective in mod-p homology. This is all that Cohen, Moore, and Neisendorfer required to carry out their programme, and they go no further in delineating a choice. It would be interesting and useful if more control could be imposed upon the choice. After looping, S
, and we obtain a composite S
Multiplying in ΩF 2n+1 and projecting to F 2n+1 gives a homotopy equivalence
The same process occurs to decompose F 2np+1 . What we would ideally like is a homotopy θ • e 2n e 2np • 2 . But the non-canonical choices of extension seem to rule this out.
On the other hand, Neisendorfer [N2] showed that there is a factorization of the boundary map
for some map λ 2n . Note that e 2n • (1 × ω) corresponds to the (lifts to ΩF 2n+1 ) of the maps Ωτ with θ is more plausible. We make the following conjecture.
Conjecture 7.1. There is a homotopy commutative diagram
The work of Wu [W] To proceed, we assume Conjecture 7.1 holds. Consider the diagram
Label the squares A, B, and C from left to right. We do not require that squares A and C homotopy commute. As 1 and 2 are product maps, square B does homotopy commute. We are assuming that rectangle B-C homotopy commutes. Since the top and bottom rows are factorizations of ∂ 2n+1 and ∂ 2np+1 respectively, the outermost rectangle A-B-C homotopy commutes.
Lemma 7.2. Rectangle A-B also homotopy commutes.
Proof. Making use of (e 2np ) −1 and the homotopy commutativity of rectangles B, B-C, and A-B-C, the Lemma is proved by the string of homotopies:
Corollary 7.3. There is a homotopy fibration diagram
for some map H.
Proof. The next lemma shows that when considering the obstructions
, it suffices to show only that the k = 1 obstruction vanishes for all n ≥ 1.
Proof. By Corollary 7.3, it suffices to assume that the composite
is null homotopic and show that ψ 2n factors through S 2n−1 . Iterating Lemma 7.2,
k−1 composed with the projection to
Remark 7.5. The statement and proof of Lemma 7.4 can be weakened to show that if j ≥ 0 and
Proposition 7.6. Assume Conjecture 7.1. Then Conjecture (4) implies the loops on Conjecture (1).
Proof. By Corollary 7.3 it is equivalent to show that Ωψ 2n is homotopic to Ωi • Ωφ. Let π : (1 × ω) • λ, and as 1 × ω is a product map we have 2
• λ is null homotopic. As 1 × ω and 1 are product maps, we can distribute the projection and simply consider the composite
As this is null homotopic, we obtain a homotopy commutative diagram
where the two squares form a homotopy pullback and γ is some lift given by the null homotopy. 
Progress towards proving the conjectures
Selick [S2] constructed a filtration of Ω 2 S 2n+1 as follows. Let F 0 (n) = S 2n−1 and let
For m > 0, define spaces F 2m (n) inductively by homotopy pullbacks
Equivalently, F 2m (n) is the homotopy fiber of the composite
where h m is the m-fold iterate ΩH • · · · • ΩH. Observe that the homotopy pullback is of H-spaces and H-maps so F 2m (n) is an H-space and
So the spaces {F 2m (n)} m≥0 give a homological filtration of H * (Ω 2 S 2n+1 ) in terms of the primitive algebra generators.
An analogous filtration of ΩA 2n+1 (p) exists. For m ≥ 0, define spaces M 2m (n) by the homotopy pullbacks
Observe that this homotopy pullback is of H-spaces and H-maps so M 2m (n) is and H-space and 
and for j ≥ 0 there are Bocksteins β(a 2np j −1 ) = b 2np j −2 . The pullback then also shows that the Serre spectral sequence for H * (M 2m (n)) collapses at E 2 and so
Thus the spaces {M 2m (n)} m≥0 give a homological filtration of H * (ΩA 2n+1 (p)) in terms of the primitive algebra generators.
Conjectures (1)- (5) can now be filtered by considering their restrictions to F 2m (n) and M 2m (n).
One can then consider to what extent they are true by examining them layer by layer in the filtration.
In this section we give some evidence of their validity by proving cases of low filtration.
To begin, we consider F 2 (n). Let L be the (2np−1)-skeleton of F 2 (n). The homological description of F 2 (n) implies that L is also the (2np−1)-skeleton of Ω 2 S 2n+1 . Specifically, L is a three-cell complex with cells in dimensions 2n − 1, 2np − 2, and 2np − 1, with the 2np − 2 and 2np − 1 cells connected by a Bockstein.
Lemma 8.1. There is a homotopy commutative diagram
Proof. By Theorem 2.1 (b) and (c), ΩF 
That is, Conjecture (1) holds when restricted to F 2 (n). 
Refining a bit, recall that F 2 (n) is an H-space and let s :
be the H-map in the pullback defining F 2 (n). In [Gr] , F 2 (n) is shown to be homotopy associative. So the uniqueness
property of the James construction shows that the H-map extending L −→ Ω 2 S 2n+1 factors as a
. Selick [S2] shows that the map ΩΣL −→ F 2 (n) has a right homotopy inverse. Thus the composite
Further, this right homotopy inverse can be chosen so there is a homotopy commutative diagram
Juxtaposing the two diagrams above then proves the Lemma.
Using Theorem 2.1 (a) to project F 2n+1 to S 2n−1 , Lemma 8.2 gives a homotopy commutative
Theorem 2.1 (a) says the bottom row is homotopic to φ. Thus the homotopy fiber of
is M 2 (n) and we have proved the following Proposition.
Proposition 8.3. There is a homotopy fibration diagram
That is, Conjecture (5) holds when restricted to M 2 (n).
The next stage in the filtration for Ω 2 S 2n+1 is F 4 (n). The homotopy pullback defining it involved F 2 (np), which we now know something about. We need two more things as well. First, in [Gr] it was shown that F 2 (n) satisfies a universal property with respect to its (2np − 1)-skeleton L: if Y is a homotopy associative, homotopy commutative H-space and we are given a map f :
there is an H-map f : F 2 (n) −→ Y extending f , and f is the unique H-map extending f . Second, we need to assume the following, which was conjectured in [G] . We now give two applications of Lemma 8.5. First, the homotopy in Lemma 8.5 implies there are homotopy pullbacks of H-maps and H-spaces
where the pullbacks define the H-maps a and b. Since F 2 (np) −→ Ω 2 S 2np+1 is an algebra inclusion in homology, so are a * and b * . Combining the two pullbacks above, there is a homotopy commutative diagram of H-maps and H-spaces
This proves the following Proposition. 
for some map λ. That is, Conjecture (2) holds when restricted to F 4 (n).
Proof. Let s : F 2 (np) −→ Ω 2 S 2np+1 and t : F 4 (n) −→ Ω 2 S 2n+1 be the H-maps in the pullbacks defining F 2 (np) and F 4 (n). The lift λ will exist once we show that the composite F 4 (n) 
The left square is the homotopy pullback defining F 4 (n). The middle square homotopy commutes by Lemma 8.2. The map r is the projection appearing in Theorem 2.1 (a), and so on the one hand the right triangle homotopy commutes and on the other hand the composite r • ∂ is homotopic to φ. To show that ∂ • ΩH • t is null homotopic, it suffices to show that the composite along the top
